BojiHOBaa <J)yHKij;HH h pacnpe^ejieHHa Ha6jiio^aeMi>ix b 

pejIHTHBHCTCKOH KBaHTOBOH TCOpHH 
B.O. KpOTOB 

HHcmumym npo6jieM ynpaeAenuM Poccuuckou anadcMUU nayn, 
UpapcoKisHaH, 65, 117997, MocKea, Poccuh 
(AaTa: MapT 16, 2009) 

OnpeflejieHa njiOTHOCTb BepoaTHOCTH KOopflHHaT pejiaTHBHCTCKoii iacTHi(H, yflOBjieTBopaio- 

4)0pMajIBHBIM Tpe60BaHH5IM KBaHTOBOH MexaHHKH H CHei];HajTBHOH TeOpHH OTHOCHTejIBHOCTH 

(corjiacHO xpecTOMaTHHHOMy MHeHHKi, TaKaa hjiothoctb OTcyTCTByex). 3to — pejiaTHBHCTCKHii 
HHBapnaHT, onncBiBafomnft BepoaTHOCTB noaBjienna HacTHL(Bi b npocTpancTBe-BpeMeHH. Ona koh- 
KpeTH3HpyeTca fljia 6o30Ha, HeiiTpajibHoro h sapaaceHHoro, CKajiapHoro h BeKTopHoro, BKjiioiaa 

(J)OTOH, 9JTeKTpOHa. ^OKaSaHa e^HHCTBGHHOCTB TaKOH KOHCTpyKL(HH. BpGMa JIHmaeTCH c[)yHKI];HH 

flHHaMHiecKoro napaueTpa pacnpeflejieHHa h (J^opMajiBHO ypaBHHBaeTca c flpyrHMH KOopflHHaTa- 
MH. YTOHHaeTca TaKme cmbicjt pacnpe^ejieHna 4-HMnyjTBca. PaccMaTpnBafOTca ycjiOBna naSjiio- 
flBHHa TaKHx pacnpeflejieHHii. IIpHMeHHTejibHO k KBaHTOBOMy nojiio sth KOHCTpyKi(HH TpaHCcjjop- 
MHpyfOTca B HOBBie xapaKTepncTHKH pacnpe^ejieHna HacTHL( b npocTpancTBe-BpeMeHH, ^onojina- 
fomne TaKOBBie ^Jia HMnyjiBCHBix cocToaHHH. HojiyHeHBi hx onepaTopBi ^Jia CBo5oflHoro nojia. 
B paMKax SToii MO^ejiH OTHomeHHa HeonpeflejieHHOCTefi FeiiseHSepra nojiyiaroT TeopeTHiecKoe 
o5ocHOBaHHe npHMennTejiBHO k pejiaTHBHCTCKoft nacTHi^e; HacTHL(Bi h aHTHHacTHL(Bi OKasBiBaiOT- 
ca pa3HbiMH cocTOaHHaMH OflHOii iacTHi(bi; BaKyyMHoe cocTOaHHe 6o30HHOro KBaHTOBOro nojia He 
o5jiaflaeT SHeprneft. 

PACS 03+p; 03.65-w; 03.65 Ta 

1. BBe/i;eHHe 

B MOflejIH KBaHTOBOH CHCTeMtl (KC) CHHTeSHpOBantl fleTepMHHHpOBan- 

Haa flHHaMHKa bojihoboh 4)yHKD;HH (BO) h CTaTHCTHHecKaa cbssb nocjieflHefi 
c Ha6jiioflaeMBiMH sejiHHHHaMH: flHHaMHHecKaH h CTaTHCTHnecKaH nacTH ee 
OHHcaHHH. EcjiH nepsaH snojine (JjopMajiHSOBana, to npo6jieMbi sTopoH ^jih 

pejIHTHBHCTCKOH KBaHTOBOH HaCTHD;bI (PKM) HpHBCJIH K o6n],eMy MHeHHK), 
HTO ^B nOCJieflOBaTejIBHOH pejIHTHBHCTCKOH KBaHTOBOH MexaHHKe (KM) KO- 

opflHHaTfci HacTHu; BOo6n],e ne MoryT (JanrypHpoBaTB b KanecTBe flHHaMHne- 
CKHx nepeMeHHbix, ... a BO KaK hochtcjih HHcJjopMai^HH ne MoryT (Jjnry- 
pnpoBaTB B ee aHHapaTe3> [1, CTp. 16]. 3th Hpo6jieMBi: OTcyTCTBne (Jjop- 
MajiBHbix KOHCTpyKi];HH, onHCbiBaKiinHx pacnpeflejieHHH KOopflnnaT, h orpa- 

HHHeHHbie B03M0JKH0CTH Ha6jIIOfleHHH BBHfly BOSMOJKHOrO HOHBJieHHH Hap H 

flpyrnx scJxJaeKTOB KBanTOBoro hojih (KIT). 
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HepBaa h3 sthx npo6jieM — sto MaTeMaTHnecKaa npo6jieMa cymecTBOsa- 

HHH H e^HHCTBeHHOCTH njIOTHOCTH BepOHTHOCTH KOOpflHHaT PKM, KOTOpaH 

o6.jia/i;a.jia 6bi H3BecTHbiMH c|)opMa.ntHbiMH CBOiicTBaMH, Tpe6yeMbiMH KBan- 
TOBOH MexaHHKoii (KM) h cnei^najiBHoft Teopneii OTHOCHTejiBHOCTH (CTO). 
Ee xpecTOMaTHHHoe HCCJie^OBaHHe npHBO^HT k neraTHBHOMy OTBeiy, [1, 
CTp. 16]: 3TH Tpe6oBaHH5i necoBMecTHbi. 3flecb noKasbiBaeTca, hto npo6jie- 
Ma HMeeT HCHepnbiBaTom,ee narrojKFTTejTBHoe pemeuHe, ecjrn nojTHbm Ha6op 
Ha6jiio/];aeMbix KOopflnnaT pacniHpHTb c 3 npocTpancTBenHbix flo 4 npocTpa- 
HCTBeHHO-BpeMeHHBix, jiHiuHB BpsMH cj3yHKLi,HH flHHaMHHecKoro napaMGTpa 
pacnpeflejieHHH h 4)opMajibHO ypaBHHB ero c ^pyrHMH KOopflnnaTaMH. TaKoe 
npeflCTaBjiCHHe njiOTnocTH npefliDHBjiHeTCsi, h /^OKasBiBaeTCH ero e/i;HTiCTBeH- 
HOCTb. Hs nocjieflHero cjie^yeT: ecjiH (JjHSHHecKHii nocTyjiaT KM o cyme- 
CTBOBaHHH BepoHTHOCTHoro pacnpeflejieHHH KOopflnnaT, o6jiaflaioii],ero njiOT- 
HOCTbK), cnpaBefljiHB H fljiH PKM, TO OHO flOjiacHO onHCbisaTbca HaftfleHHoil 
MaTCMaTHHecKOH KOHCTpyKi^neii. Co/[ep>KaHHe TaKoro pacnpeflejieHHs: bc- 

pOHTHOCTb C05bITHH B npOCTpaHCTBe-BpeMCHH BMSCTO n03HI],HH B npOCTpaH- 

CTBe. HsMeneHHe CMbicjia cooTBeTCTByeT jiornKe CTO h npe^CKasbiBaeT ho- 
Boe CBoiicTBO PKM. Bmscto CTOxacTHnecKoro TaHLi,a, onncbiBaeMoro noTO- 

KOM BepojiTHOCTH, HMeeM pacnpe/^e.jieHHe cjiy^iaiiHbix nojiB.jieHHH ^iacTHTi;bi b 
npocTpaHCTBe-BpeMeHH npn MHoroKpaTHOM BOcnpoHSBeflennH CHCTCMbi. 

AjirOpHTMbI BTOpHHHOrO KBaHTOBaHHH n03BOJIHIOT 3T0 HOBOe CBOilCTBO 

PKM floonpeflejiHTb na KBanTOBoe none (KIT) b bh^b xapaKTepncTHK pac- 
npeflejieHHH nacTHTi; b npocTpancTBe-BpeMeHH b .lono.jiHeHHe k TaKOBbiM ^jih 
HMnyjibCHbix cocTOHHHH. HojiyHeHbi onepaTopbi sthx pacnpeflejienHii ^jih 
CBo6oflHbix Kn, a TaKsce — pejiHTHBHCTCKH HHBapnaHTHoe OHHcaHHe Kn b 
paMKax npeflJiaraeMoii MO^ejiH. JlnmeHHe BpeMenn cj3yHKLi,HH flHHaMHHecKO- 
ro napaiieTpa h 4)opMa.jibHoe ypaBHHBaHne ero c /tpyrHim KOopflnnaTaMH 

B CTaTHCTHHeCKOH HaCTH OnHCaHHH PKM BHOCHT H HCKOTOpbie HOBbie 3jie- 

MeHTbi B noHHMaHHe pacnpeflejieHHii sneprnH -HMnyjibca. HcHepnbiBaiomHii 

OTBeT Ha BOHpOC O COOTBeTCTBHH flaHHOH MOflejIH 4)H3HHeCKOH peajIbHOCTH 

MorvT /\&Ti> TOJTbKO SKcnepHMeiiTajTLiiLie HccjTe/i;oBaHHH. Ho HeKOTopbie ee 

TeOpeTHHeCKHe CBOHCTBa H CJieflCTBHH H03BOJIHIOT HafleHTbCH Ha HOJIOaCH- 

TejibHbiii OTBeT. OnHcanne CTaTHCTHHecKoii nacTH PKM b TepMHnax co6bi- 
THil B HpocTpancTBe-BpeMeHH cooTBeTCTByeT onncaHHio flHHaMHHecKoil na- 
CTH H .jTorHKe CTO. PKH h KIT ecTecTBennbiM o6pa30M, 6e3 cnei];HajibiTT>ix 

HCKJIIOHeHHH, BHHCblBaiOTCH B CHCTeMy o6n],HX CTaTHCTHHeKHX HOCTyjiaTOB 

KM. IloflTBepjKflaroTCH ^jih PKM OTHomenHH HeonpeflejiennocTeii reii3eH- 
6epra; npn HbiHemneM coctohhhh Bonpoca ohh ne HMeiOT TeopeTHnecKoro 
ocHOBaHHsi, nocKO.)ibKy Heo6xo/^HMbiH /i.ji^i Hx BbiBO/i,a 3aK0H pacHpeflejieHHH 
KOopflHHaT OTcyTCTByeT. OnncaHHe KIl CTanoBHTCH b neKOTopbix ^eTajiax 



2 



6ojiee jiaKOHHHHBiM H Menee npoTHBopenHBtiM: hst Heo6xoflHMOCTH paccMaT- 
pHsaTB KIT KaK CMecb flsyx copTOB nacTHLi, c npncymnMH KaiK^OMy copiy 
onepaTopaMH OoKa, "qacTHTi;bi h aHTHHacTHTi;bi OKasbiBaioTCJi pasHtniH co- 
CTOHHHHMH oflHOH HacTHi];bi; SHcprHH BaKyyMHoro cocTOHHHH 6o30HHoro Kn 
paBHa HyjiK) BMecTO napaflOKcajibHoii 6ecK0HeHH0CTH. 

Cnoco6 pemeHHH npo6jieMBi 34)4)eKTOB KIT, npefljiaraeMbiii h o6ochobbi- 
saeMtiH 3flecb: norpyjKeHne Ha6jiio/];eHHH e/i;HHHHHOH PKM b iia6jTTO/i;eHHe 
KIT. ripH 9T0M ceaHCBi c noHBjieHHeM 6ojiBmero HHCjia HacTHu; h hx OTcyT- 
CTBHeM He flOJiiKHbi yHHTbiBaTbCH. TeopeTHHecKH 3T0T npneM flejiaeT bo3- 

M03KH0H TOHHyiO 4)HKCaLI,HIO KOOpflHHaT, XOTH H He flJIH BCeX THHOB HaCTHLI,. 

B 3T0M CMbicjre h (J)otott hmcct KOop/tPriiaTBi. /Ijth /i;pyrHx thhob coxpa- 
HHeT CHjiy HHJKHHH Hopor HeonpeflejieHHOCTH KOopflnnaT eflHHHHHofi PKH, 
o6ycjiOBjieHHbra neflOHymenHeM scjacjaexTOB KIT. PaccMOTpenbi TeopeTHnecKH 
B03M03«Hbie npoLi,eflypiji Ha6jiiofleHHH. Ho na ny™ k SKcnepHMeHTy Heo6xo- 
flHMbi flajibHeiiinHe HCCJieflOBanHH b pycjie TeopnH KBanTOBbix H3MepeHHH. 

2. HepejiaTHBHCTCKaa MacTHii,a 

HocKOjibKy CTaTHCTHHecKaa nacTb flocTaTOHHO 4)opMajiH30BaHa TOjibKO 
fljiH HepejiHTHBHCTCKOH KM, TO HaHHeM c (J)HKcaTi;HH rieo6xo/iFrMMx 3/^ecL ee 
fleTajieil, orpaHHHHBinHCb 6eccnHH0B0M KBaHTOBoii nacTHi^eii (KH). IlycTb 
X = {a;*} = (x^,x'^,x^) — BexTop npocTpancTBenHbix KOopflnnaT nacTH- 
^M, 3.)ieMeHT cooTseTCTByiomero SBKjiHflOBa npocTpancTBa E. KoMnjieKcnaa 
BO %t'{x) onpe/ie.jieHa na E h paccMaTpHsaeTCJi KaK 3.jieMeHT rH.jib6epT0- 
Ba npocTpaiiCTBa H c iiopMofl L2(E) h cooTBeTCTByromHM npoH3BefleHHeM 
{ipi,il^2) = / iJiix)ip2{x)d'E, dE — sjieMeHTapHbiH o6'beM E, * — 3HaH0K 

E 

KOMnjieKCHoro conpHaceHHH. KaK npasnjio, BO 4)HHHTHa b neKOTopoM Ky6e 
V C E: tp{yi) = 0, X ^ V, H stot Heco6cTBeHHbiH HHTerpaji onpe^ejieH sjie- 
MeHTapHO. 9bo.)Itoti;hji BO i/j{t,x.) na HHTepBajie (0,T) onncbiBaeT flBHJKeHne 
KM. Ona yflOBjieTBopaeT ypaBHeHHio UIpeflHHrepa, npn^eM ||^(t,x)|| — ero 
flHHaMHHeCKHil HHBapnaHT, HOpMHpOBaHHblil yCJIOBHeM ||'(/'(i,x)|| = 1. 

K npoii^edype Ha6AiodeHUH. HojiHaH coBOKynnocTb Ha6jiioflaeMbix y = 
= {y,} — jih6o BBKTop X, .)Ih6o HMnyjibc. HycTb onpe^ejieHbi onepaii;nH 
peajiH3ai],HH ^BHJKeHHH KH B TeneHHe BpeMenn T b TOJKflecTBenHbix cJjh- 
3HHecKHx ycjiOBHHx, OTBeHaion],Hx flaHHOH 3BOjiioi],HH BO ip{t,x.). B Kaac- 
floil peajiH3aLi,HH b Kamffbrn MOMenT BpeMenn t Ha6jiioflaeTCH 3HaHeHHe y{t). 
TpaeKTopHH y{t) b xajK/^OM ceance onpeflejienbi, a npn hx noBTopeHHH — 
cjiynaftHbi. npe/i,no.)iaraeTCS[, hto /i;.iis[ KaacflOH (JjyHKHHH tlj{t, x) h KajK/^oro t 
onpeflejiena Mepa BepoHTHOCTn: P{Q/t) = x)] na noflMHOJKecTBax 
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Q npocTpancTBa Ha6jiioflaeMbix, h cooTBeTCTseHHO, cpe^HHe (y) [ip(t,'x.)] = 
— {{yi)i'^)}^ cooTBeTCTByiomHe 6ecK0HeHH0My Ha6opy saiviepoB. Ho sto ne 
BnanHe tohho, nocKantKy TaKaa npoi^e^ypa o6peMeHeHa npo6.jieMOH BO no- 
cjie HSMepeHHH (KOJiJianc BO). HosTOMy 6yp,eM npHflepjKHsaTbCH 5ojiee rpo- 
M03flKoro, HO H 6ojiee KoppexTHoro noHHManHH saMepa: fljia KaiKfloii peajiH- 
3aLi,HH sa^aeTCH eflHHCTBeHHbift momsht BpeMeHH t H Ha6jiioflaeTCH SHaneHHe 



CncTeMa <CKBaHTOBaH nacTHi^a^ HHTepnpeTHpyeTca KaK flHHaMHHecKaa 

CHCTeMa C COCTOHHHeM '0(x). Ee 3B0JII0LI,H5I COnpOBOiKflaeTCH CTOXaCTHHeCKHM 

npoLi,eccoM b npocTpancTBe Ha6jiioflaeMbix, KOTopbra b KajKflbifi momsht Bpe- 
MCHH t onncLiBaeTCH Mepoii bcpohthocth P{Q/t) = P[Q, ij^{t, x)]. Ho b CBCTe 
CKasaHHoro cnpaBe^jinBa h Hnaa HHTepnpeTai],HH. HMenno. PeajiHsai^HH ch- 

CTeMbl B cj3H3HHeCKHX yCJIOBHHX, OTBeHaiOIII,HX flaHHOH 3BOJIIOLI,HH BO Ipif-i x) , 

He ToacflecTBeHHbi. Hm b onncanHbix ycjiOBHHx Ha6jiiofleHHH cooTBeTCTByiOT 
pasiiLie (e/i;HncTBeHHbie) SHanenHH y. Hpn hx MHoroKpaTHOM noBTopeHHH 
SHaneHHH y cjiynaftHbi, h onpe^ejieHO BepoHTHOCTHoe pacnpe^ejieHHe P{Q). 
CncTeMa <ICKBaHTOBaH HacTHLi,a3>, TaKHM o6pa30M, paccMaTpHBaeTca KaK 
coBOKynHOCTb ee peajiH3aLi,HH. Hhmmh cjiOBaMH, KM ecTb coBOKynnocTb jxii- 

HaMH'ieCKH nO/^o6HbIX, CTaTHCTH^ieCKH CBHSaHHblX /^HHaMH'ieCKHX CHCTeM. H 

flHHaMHKa, H CTaTHCTHKa onpeflejieHbi BO ip{t,'x.) Tax, kslk onncano Bbime. 

3fleCb 3TH MOflejIH TOiKfleCTBeHHbl, HO B006ll],e, KaK Mbl yBHflHM, nOCJieflHHH 

MOflejib HBjiHeTCH 6ojiee o6iii,eii h npHMennMa k PKM. 

K (popMajibHOMy onucanuH). Cpeflnne cyTb spMHTOBW KBa/^paTH^iHbie 
cJjopMbi (3KO) B H: {yi){ip) = (il^jLiJp), Li — cooTBeTCTByiomnft onepaiop 
(onepaTop i-ft Ha6jiioflaeMoil) . Ecjih y = x, to nocTyjinpyeTca HajiHHne njiOT- 
HOCTH BepoHTHOCTH f{t,x) H cjieflyioii],a5i ee cbhsb c BO: /(t, x) = |^/;(t,x)p, 
H cooTBeTCTBeHHO, — MBpa BepoHTHOCTH: P{Q/t) = P[Q,ip{t,x)] = 



CTBO {y){i/j) = Ji^/-^), r/^e npaBan HacTb — cooTBeTCTByiomHH flHHaMHHecKHii 
HHBapnaHT bojihobofo ypaBHennH (BY), 3KO. B stom cjiynae Mepa Bepo- 

HTHOCTH P{Q, '4>) Ha UOflMHOiKeCTBaX Q upocTpaHCTBa Ha6jIIOflaeMbIX bbi- 

paacaeTCH nsBecTHbiM o6pa30M nepes KOMnoneHTbi cneKTpajibHbix 4)yHKLi,Hil 
onepaTopoB Lj. 

Hmbiotch HCKjiiOHeHHH H3 npaBHjia ip G L2(E), Korfla Hopna ne onpe^e- 
jiena h ne yflOBjieTBopaeTca ycjiOBne P(E, f/;) = 1. Ho onpe^ejieHbi othoch- 

TejIbHbie BepOHTHOCTH P{Ql,'tp)/P{Q2,tp). OTMeTHM TaK3Ke, HTO B J11060M 

(J)HKCHpoBaHHOM Ky6e V C E BO ecTb sjieMenT rHjib6epT0Ba npocTpancTBa 
H(V) c HopMofi L2(V). OnKCHpya s^ecb \\^\\ = 1, mojkho coxpaHHTb sa 

P{Q,'ll}), Q C V, CMblCJI Mepbl BepOHTHOCTH Ha6jIIOfleHH5I n03HLI,HH X, a 3a 



y- 




HMnyjibC, TO nocTyjiHpyeTCH paBen- 
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/(t,x) — ee njiOTHOCTH, npn cjieflyiomeft nonpasKe k npoLi,eflype Ha6jiiofle- 
hhh: yHHTbiBaiOTCH TOJibKO ceancbi, noKasbiBaiomHe x G V. 

3. PejiHTHBHCTCKaa MacTHii,a. 06ii],ee onncaHHe Mo^e- 

JIH 

IlycTB E — fleftcTBHTejibHoe nceBflosEKjiH^OBO npocTpancTBO c KOopflH- 

HaTHBIM BeKTOpOM X = {x°'} = {x^,x), X G E; X° = rf, t — BpeMH, C — CKO- 

pocTE. CBCTa; MeTpHHecKHH TCHSop 6 = {dad} — /^HaroHajTbHtiH : eoo = — 1, 
en = 1, i > 0; E* — ero KOMnjieKCHbiii anajior c c sjieMCHTaMH n h nponsBe- 
flenneM U1U2 = U1U2— u5*U2. Ha KoneHHOM 6pyce V = (0, cT) X V C E onpe- 
flejiena BQ ip{x), OTo6pa3«aioii],aH V b MHoroo6pa3He U G E* , > 0, xa- 
paKTepHoe /i;jth KajK^oro paccMaTpHsaeMoro Tnna nacTHij;. Ona y/i;0BjTeTB0- 
paeT cooTBeTCTByiomeMy BY h paccMaTpHsaeTCH KaK sjieMCHT rHjiB6epT0Ba 

npocTpancTBa H(V) c HopMoft = J u^dE, u = ip{x), dE = dx^dEi 

V 

(nopMy npocTpancTBa H o6o3Ha"qaeM x)||) h cooTBeTCTByTom,HM npoHS- 
sefleHHeM {ipi,ip2)- B OTjinnne ot HepejiHTHBHCTCKoii KM KajK^aa BO onn- 
cbiBaeTCH KBaHTOBbiil npoi],ecc b i],ejiOM, a ne ero flHHaMHHecKne coctohhhh b 
cJjHKCHpoBaHHbie MOMeHTbi. PK^ onpedeAUM nan KC, Komopan ucnepnuea- 
lovjfi onucueaemcM B<P tp{x). J^Jisi KaacflOH BO onpeflejienbi ToacflecTBeHHbie 

(JjHSHHeCKHe yCJIOBHH, B KOTOpblX Ha6jIK)flaeTCH PKM. 

CncTeMa <ICKBaHTOBaH HacTHi],aS> HHTepnpeTHpyeTca npHMeHHTejibHO k 
PKM KaK coBOKynHOCTb peajiH3aLi,HH (cm. KOHeu, n. 2) co cjieflyiomHMH ot- 
jiHHHHMH. Ceanc Ha6.jiiofleHHH (saMep) Tenept — sto onepaij;HH pea.iiH3aij;HH 
SToii CHCTCMbi H Ha6jiiofleHHe sa neft, cjjHKCHpyiomee SHaHenne Ha6jiioflae- 
Moii y. HpeflnojiaraeTCH, hto fljiH KajKfloft BO onpeflejiena Mepa BepoHTHO- 
CTH P{Q,tl)), cooTBeTCTByiomaH 6ecK0HeHH0My Ha6opy saMepoB, h cooTBeT- 
CTBCHHO, cpe/^iiee {y){'ip{x)) . BpeMH HCKjiTOHaercH hs onncaimH pesyjibTa- 
TOB Ha6.)iTO,7[eHH5i B Ka^iecTBe /^HHaMH^iecKoro napaneTpa, ho npHCVTCTByeT 
B cocTaBe apryMenTa x h, bosmojkho, Ha6jiio/],aeMOH y. HcKjiioHeHHe oco6oh 

pOJIH BpeMeHH H3 CTaTHCTHHeCKOH HaCTH PKM (flJIH flHHaMHHeCKOH OHa HC- 

KjiMHena) — Heo6xoflHMMH ajreMenT BneflpeHHH jiorHKH CTO. OcTa.rrT)TTT>ie 
ycjiOBHH n. 2 ocTaroTCH b CH.)ie. ErraBHoe h3 hhx: cymecTBOBaHHe h efl,iiH- 
CTBeHHOCTb SHaneKHH y npn saMepe b hobmx ycjiOBHHx. Mbi o6cyflHM ero 

HH3«e npHMeHHTejibHO K KOHKpeKTHbIM Ha6 JIIOflaeMbIM . HHTepHpeTaH,HH CH- 
CTeMbl <|iKBaHT0Ba5I HaCTHH,a^ KaK flHHaMHHeCKOii CHCTeMbI C COCTOHHHeM 

■0(x), conpoBOJK/i;aeMOH CTOxacTHnecKHM pfinyKenneM HacTHH,bi, OKasbmaeT- 
CH HenpHMeHHMa k PKH. OTcyTCTBne CTOxacTHnecKoro HpoD;ecca ne Tax yjK 
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HeoacHflaHHo: <ICMo3«ho flynaTb, hto 6yflyii],aH Teopna BOo6ii],e OTKaaceTca ot 
paccMOTpeHHH BpeMeHHoro xo^a npoLi,eccoB. . . OnncaHne npoLi,ecca bo Bpe- 

MCHH OKajKeTCH CTO.JIb JKC H.JI.JITOSOpHbIM, KaKHMH OKaSajIHCb KJiaCCHHeCKHe 
TpaeKTOpHH B HepejIHTHBHCTCKOH KM3> [1], CTp. 16. 

MacTHLi,a H aHTHHacTHLi,a paccMaTpnBaiOTCH s^ecb xax pasHbie coctohhhh 
oflHoil H Toil me HacTHLi,bi. ^onycKaeTca h HajiHHne OTpHLi,aTejibHbix nacTOT 

B paSJTOJKeHHH BO H, COOTBCTCTBeHHO, — Ha6jTTO/^eHHe HaCTHTi;bI (e/i;HHCTBeH- 

Hoii) c pasHbiMH SHaHeHHHMH sapHfla b pasHbix ceancax. 9to ne npoTHBope- 
HHT KBaHTOBOMy saKOHy coxpaHeHHH sapHfla, BbinojiHHeMOMy b cpe^HeM, ho 

MOaceT He flOHyCKaTbCH BHeniHHMH flJIH KM SaKOnaMH, TaKHMH, KaK SaKOH 

coxpaneHHH sjTeKTpHHecKoro 3ap5i/i;a. 

06paTHMCH K npo6jieMe 9(J)(J)eKT0B KH. IIo-BHflHMOMy, e^HHCTBenHbifi 
cnoco6 Ha6jiiOfleHH5i eflHHHHHoii PKM npn HajiHHHH scjacjaexTOB KH: no- 
rpysHTb 3T0 Ha6jiiofleHHe b Ha6jiiofleHHe KIT h Bbi^ejiHTb h3 pesyjibTaTOB 
nocjTe/i;Hero xapaKTepncTHKH eflHHHHHOit PK^I. OnncaHne KH, o6ocHOBa- 
HHe H fleTajiH TaKoro norpyacenHH cm. HHace, n.n. 6, 6.6, 7. OnpeflejieHHio 
PKM KaK KC, KOTopaa onncbmaeTCH BQ il^{x), OTBenaeT noflcncTeMa cncTe- 
Mbi <ICKBaHTOBoe nojie^, onpeflejiaeMaa cjieflyioii],HM o6pa30M: ynHTbiBaiOT- 
CH TOjibKO saMepbi Kn, noKa3biBaTom,He nojiB.jieHHe e/^HHCTBeHHoft nacTHi^bi 
(n. 6.5). B Li,ejiOM, Tpe6oBaiiHH k ceancy yKjia^biBaiOTCH b cjjopMyjiy: ynn- 
TbmaiOTCH TOJIBKO ceancbi, noKasbmaiomHe e^HHCTBeHHoe SHaneHHe Ha6jiio- 
flaeMoii. T. e. iiex iieo6xoflHMOCTH b hojihoh Mepe HcnojiBSOBaTB npoLi,eflypbi 
Ha6.jiTO/i;eHH5i KH. /JocTaTOHHO saMenaTb h OT4)HJibTpoBbiBaTb He^onycTH- 
MBie SToii cjjopMyjioii saMepBi. 

0opMaAbHoe onucanue BOcnpoHSBO^HT TaKOBoe ^jih nepejiHTHBHCTCKOft 
KM CO cjieflyiomHMH otjihhhhmh. 3KQ {yi)(^) = Lj-^), h cooTBCTCTBeH- 
HO, onepaTopbi Ha6.jiT0/^aeMbix onpe/^e.jieHbi b H, a ne b H. OnepaTop Lj 
onpsflejiaeT Ha6op bosmojkhbix SHaneHw Ha6jiio/],aeMbix h hx bcpohthocth 
Ha TaKHx npoLi,eccax (co6cTBeHHBix). XapaKTspncTHKH y, h cootbbtctbbhho, 

HX CpeflHHe, o6jiaflaiOT PBJIHTHBHCTCKHMH TpaHc4)0pMaLI,H0HHbIMH CBOHCTBa- 
MH. P{Q, tp) — pejIHTHBHCTCKHH HHBapHaHT. IloCJieflHee CJIBflyST H3 paBBH- 

CTBa {y){tp) = JydP{ilj), nocKOJiBxy {y){'(p) h y hmbiot oflnnaKOByio tbh- 

sopnyTO pasMepnocTb. FasMepnocTb hjtothocth bbpohthocth giy. t/j) onpB- 
flBjiHBTCH paBBHCTBOM dP = gdY = tuv , TflB dY — sjiBMBHTapHbifi o6t>bm 
npocTpancTBa Ha6jiiOflaBMBix. ^ajiBB cjiB^yBT ^BTajiHsai^HH mo^bjih hphmb- 

HHTBJIbHO K KOHKpBTHbIM Ha6jIIOflaBMbIM H THUaM HaCTHLI,. 
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4. Pacnpe^ejieHHe KOop^HHaT 



SacJjHKCHpyeM Heo6xoflHMbie (JjopMajibHtie csoiicTBa njioTHOCTH BepoHT- 

HOCTH PKH. KaK H BCe njIOTHOCTH CpeflHHX BejIHHHH B KM OHa BbipajKaeTCH 

TOJIE.KO HenocpeflCTBeHHO Hepes SHaneKHH BO h ee 1-x npoHSBO^Htix h KBa^- 
paTHHHa. KpoMe Toro, ona onpeflejiena na hojihom Ha6ope Ha6jiioflaeMbix, 
nojiojKHTejiBHa npn jiio6bix ^{x) h HMeeT cooTBCTCTByiomHe TpanccJjopMa- 
i];HOHHbie CBoiicTBa. noflo6Hbie MaTeMaTHnecKne KOHCTpyKi^nn HasoBCM do- 
nycmuMUMU npedcmaejieHUHMU njiomHocmu. IIohck nocjieflHHX b Tpa^H- 
i];hohhom HanpaBjieHHH c npocTpaHCTBeHHbiMH KOopflnnaTaMH b KanecTse 
nojiHoro Ha6opa, noKasaji necoBMecTHOCTb TpanccJjopMai^HOHHoro CBoficTBa 
(BpeMCHHaH KOMnoHeHTa 4-BeKTopa) c ocTajiBHbiMH, H npHBCJi K BbiBOfly 06 
OTcyTCTBHH cooTBCTCTByiomero HHcJjopMaTHBHoro CBOHCTBa BO, [1]. Oxa- 
SbiBaeTCH, flonycTHMoe npeflCTaBjienne njiOTHOCTH cymecTByeT. npo6jieMa 
ero cymecTBOBaHHH (h e^HHCTBeHHOCTH) HMeeT nojiojKHTejiBHoe pemeHne, 
ecjiH TpaflHi];HOHHbiH nojiHbift Ha6op Ha6jiK)/];aeMbix KOopflnnaT pacmnpHTb 
c 3 npocTpaHCTBeHHbix 4 npocTpancTBeHHO- BpeMennbix, jihiuhb BpeMH 
4)yHKi];HH flHHaMHHecKoro napaMeipa pacnpeflejieHHH h cJjopMajibHO ypaB- 
HHB ero c flpyrHMH KOopflnnaTaMH. TaKoe ypasHHBaHHe cooTBeTCTsyeT jio- 
THKe CTO H CBoficTBaM By. IlojiHbiH Ha6op Ha6jiioflaeMbix pacrnHpaeTCH flo: 
y = x; pesyjibTaT KajK^oro saMepa — (J)HKcai];HH co6biTHH: nacTHi^a hohbh- 
jiacb B TOHKe X npocTpancTBa-BpeMeHH E. 

TeopeMa. ^onycTHMoe npe^CTaBjieHHe njiOTHOCTH cymecTsyeT h e^HH- 
CTBeHHO. 3to: 



^eftcTBHTejibHO. 3jieMeHTapHbiH 06'beM npocTpancTBa Ha6jiioflaeMbix clY = 
= dE ecTb HHBapnaHT, h corjiacHO paseHCTBy dP = gdY = inv, TeHSopnaH 
pasMepHOCTb njiOTHOCTH — CKajiHp. HpasaH nacTb ([T|) TaxjKe HHBapnaHTHa h 
yflOBjieTBopaeT ocTajibHbiM Tpe6oBaHHHM flonycTHMOCTH. 3to eflHHCTBeHHaa 
TaKaH KOHCTpyKD;Hii. IlMeeTCH eme jinnib o^hh KBaflpaTHHHbiH HHBapnaHT, 
cocTaBjieHHbiH H3 KOMHOHeHT TCHSopa gradip{x). Ho oh ne o6jiaflaeT cboh- 

CTBOM HOJIOJKHTejIbHOCTH HpH JIK)6bIX ■lp{x) . 3tO 6yfl,eT HpOfleMOHCTpHpOSaHO 

HHHCe (h. 4.1). 

SnaH g{x), mojkho naftTH hjiothoctb 51 (x) BepoHTHOCTH ho3hd;hh x, 
goix^) — BpeMeHH x^, npocTpancTBenHbix KOop^HnaT b (JjHKCHpoBaHHbiit mo- 
MeHT KaK ycjiOBHyio gi{x/x^): 






(0,00) 



E 
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^oonpeflejiHM na PKH nocTyjiaT KM o cymecTBOBaHHH pacnpeflejie- 
HHH, o6jiaflaion],ero njiOTHOCTtio. Tor^a oho onHCbisaeTCH ([T]). Ero coflep- 

HCaHHe: BepOHTHOCTb C06bITHH B npOCTpaHCTBe-BpeMCHH BMeCTO n03HI];HH 

B npocTpancTBe. HsMeneHHe CMticjia cooTseTCTByeT jiorHKe CTO h npe^- 
CKasfciBaeT hoboc cbohctbo KM. KaK bh^hm, h3 yKasannoro o6mero dpvi- 
SHHecKoro nocTyjiaia cjie^yeT KOHKpeTHoe MaTCMaTHnecKoe onHcanne ([1]). 
A H3 nocjieflHero, — cymecTBCHHaH flecJjopMai^HH o6pa3a KM npn nepexo- 

fle K pejIHTHBHCTCKOH TCOpHH. BmCCTO CTOXaCTHHCCKOrO TSiHU^a HaCTHI];bI B 

npocTpancTBe, onHCBisaeMoro hotokom bbposithocth, HMeeM BepoHTHOCTHoe 
pacnpeflejieHHe cjiynaftHbix noHBjieHHH nacTHi^bi b npocTpancTBe-BpeMeHH 
npn MHoroKpaTHOM BOcnpoHSBeflennH CHCTeMbi. KoHKpeTHsnpyeM ([TJ npn- 

MeHHTejIbHO K HCKOTOpblM HaCTHI];aM. 

4.1. CKajiiipHbiii 6o30H. HpocTpaHCTBO U oflHOMepnoe, fleiicTBHTejib- 
Hoe jih6o KOMnjieKCHoe, njiOTHOCTb: g{x,tp) = \ip{x)\'^. IlpoflOjiJKHM flOKasa- 
TejibCTBO TeopeMbi. Hmccm b stom cjiynae: 

gradip{x) = (j3'ip{x)/d:x.,d'ilj{x)/dx'^^ G E; 
{gradTp{x)) = {dt(j{x)/dx.) — {dtlj{x)/dx j . 

IloCJieflHHH KOHCTpyKI];HH eCTb ynOMHHyTblH eflHHCTBeHHblH, KpoRie ([TJ, 

KBaflpaTHHHbiH HHBapHaHT. CymecTBOBaHHC BO, Ha KOTopoH ero SHaneHHe 
OTpHi];aTejibHO xoth 6bi npn hckotopbix x (h ^ajKe npn Bcex), ohcbhaho. 3to, 
HanpHMep, ■(/'(x) = ip{x^). J^Jia PKM, o6jiaflaion],Hx ^onojiHHTejibHbiMH ctc- 
neHHMH CBo6oflbi, cymecTBOBaHHe TaKoft BO tcm 6ojiee ohcbh^ho. TeopeMa 
flOKasana. 

4.2. BeKTopHMH 6o30H. BO ecTb bcktop u{x), OTo6pajKaion],HH E b E, 
jih6o b ero KOMnjieKCHbiH anajior E*. IlMeeM: = — (u^)'^. Bbrjih^obo 
npocTpancTBO U BbiflejiHeTCH ycjiOBHCM: > 0. ^jih nocjieflnero Heo6xoflH- 

MO H flOCTaTOHHO: u'^ = B KaKOH-JIH6o 4)HKCHpOBaHHOH CHCTCMe OTCHCTa 

x' . HpocTpaHCTBO U TeM caMbiM OKasbiBaeTCH onpeflejieno c tohhoctbio flo 
npeo6pa30BaHHH — > t. e. — flo BeKTopa CKopocTH v CHCTeMbi x othoch- 
TejibHO x' . ^JiH Maccuenozo 6o30Ha Taxaa CHCTCMa x' cymecTByeT. 3to — ero 
CHCTCMa noKOH. TeM caMbiM bcktop v cJjHKCHpoBaH H npocTpancTBO U ecTb 
3 MepHoe SBKjiHflOBO ceneHHe nceBflosBKjiHflOBoro npocTpancTBa E. IIjiot- 
HOCTb: g{x,xp) = n^(x). 

EesMaccoeuu 6o30h, cfiomoH, ne hmcct CHCTCMbi noKOH, ho OTCio^a ne 
cjieflyeT OTcyTCTBne CHCTCMbi x' , u'^ = 0. Bojiee Toro, b OTjinnne ot Mac- 
CHBHoro 6o30Ha, ecjiH TaKaa CHCTCMa x' cymecTByeT, to ona ne eflHHCTBen- 
Ha. ^eiicTBHTejibHO, Bbi^ejiHM cjiynaii, Kor^a nojie ecTb njiocKHii bojiho- 
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Boit naKCT c bojihobmmh BCKTopaMH KOMnoHeHT, napajijiejiBHbiMH BeKTO- 
py k. Bkjikjhhb ycjiosne Jlopeni^a b cocTaB ypaBHeHHit nojiH, h npe^no- 
jiaraa, hto BCKTop v napajijiejien k, nojiynHM: u'^ = 0. JlerKO y6eflHTB- 
CH, HTO = = u'^ = u'^ = 0, T. e. npocTpaHCTBO U ecTB nonepen- 

HaH njIOCKOCTB C 6a3HCOM U^, V? HeSaSHCHMO OT |v|. To eCTB, KajIH6pOBKa 

V? = v}- = Q HHBapHaHTHa Ha noflrpynne rpynnti JlopeHi];a v || k. Ha oc- 
HOBaHHH CKasaHHoro npeflCTasjiiieTCH ecTecTBenHtiM floonpeflejiHTt cJjotoh 
nocTyjiaTOM: cymecTByeT CHCTCMa x' , u'^ = Q. Oh HCKjuonaeT HeoHpeflejien- 
HOCTb rpaflHeHTHO-HeHHBapHaHTHoro BBipajKenHsi g{x) = li^(x) h o6ecne- 
HHBaeT ero nojiOHCHTejiBHOCTB. ^oonpe^ejiHeTCH na cJjotoh ([T]) h nenpoTH- 

BOpeHHBO MHHHMHSnpyeTCH paSJIHHHe CBOilCTB 6o30HOB: CHCTCMa nOKOH flJIH 

4)0T0Ha OTcyTCTByeT, ho ee cbohctbo m'^ = coxpanaeT i];ejioe ceMencTBO 
CHCTeM. Ho floCTHraeTCH sto i^enoii OTKasa ot npHHi^nna rpaflHeHTHoii hh- 
BapnaHTHOCTH sjieKTpoflHHaMHKH. HocjieflHHH noflTBepjKflen ee ohbitom (sa 

eflHHCTBeHHBIM HSBeCTHBIM HCKJIKJHeHHeM) . Ho SeCB OH CBHSaH CO SHaHeHH- 

HMH H pacHpeflejieHHHMH HanpajKeHHOCTeH, sneprHH, HMnyjitcoB, MOMeHTOB 
H He KacaeTCH pacnpeflejienHH KOop^HnaT 4)otohob. Tojibko SKcnepHMeHT 
MOJKeT onpeflejiHTB ajiBTepnaTHBRBifi Bbi6op: jih6o flanHbiii npHHi^nn s^ecb 
HenpHMeHHM, h cnpaBefljiHBO g{x) = li^(x), jih6o pacnpeflejienne KOop^HnaT 
(JjOTOHa He onpeflejieno. 

4.3. 3jieKTpoH. HpocTpancTBO U 4-MepHoe, KOMnjieKCHoe c sjieMeHTa- 
MH u = {it"}, a = 1,2,3,4. TpaHc4)opMai];HOHHbie csoftcTBa sjieMenTOB — 
cnHHopBi, a — BpeMeHHaa KOMnonenTa BeKTopa. BO u{x) = u{x^,x) 
paccMaTpHBaeTCH o6biHHO Kax TpaeKTopnii b rHjiB6epT0B0M npocTpancTBe 
H(V). Ona y^OBjieTBopaeT BY ^npaxa, npnneM ||ti(x'^,x)|| — ero flnnaMH- 
necKHH HHBapnaHT. 3th CBoftcTBa ^aroT ocHOBannH p^jin paBencTBa: u^(x) = 
= g{'K/x^), ||M(i,x)|p = 1, [^. BBe^eM HOByio BO tj^ix), TaKyio hto g{x) = 
= go{x^)u'^{x) = ilP'{x)^ \\il){x)\\'^ = 1. B CHjiy BY ona coBna^aeT c u{x) c 

TOHHOCTBK) flO HOpMHpOBKH. HlvieeM: go{x^) = COHSt = \ j cT ^ '0 = (cT)~^/^U, 

= 1. HpH T ^ Qo^Y ^ E npe^eji s^ecB onpe^ejien, ecjiH 

onpeflejien aHajiorHHHbiii Heco6cTBeHHbiH HHTerpaji no E. Hjiothocth g{x\ 
g(x/x^) coBnaflaiOT c tohhoctbio flo nopMHpoBKH. 

4.4. K npoii;eflypaM Ha6jiiOfleHHii. 3aK0H coxpanenHH KOJinnecTBa 
HacTHu; fljiH PKM, BOo6n],e, OTcyTCTByeT, h cooTBeTCTBenno, — ne Bbinoji- 
HHioTCH Tpe6oBaHHH cymecTBOBaHHH HacTHi];bi (eflHHCTBeHHoii) Ha BceM Bpe- 
MeHHOM HHTepBajie h onpe^ejieHHOCTH TpaeKTopHH x(i) b KajKflofi peajinsa- 
Umi. B KajKflbift MOMeHT BpeMeHH bo3mo>kho noHBjieHHe necKOJiBKHx nacTHij; 
(sHaHeHHH x(t)), jih6o hx OTcyTCTBHe. HepBoe aBjienne ecTB scJxJaeKT KH. 
BTopoe — OTBenaeT onpe^ejieHHio PKH KaK KG, KOTopaa onncBmaeTCH BO 
0(x). B nacTHOCTH, flonycKaeTCH KaK cymecTBOBanne nacTHi^bi b TeneHne 
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Bcero BpeMCHH T, TaK h ee cymecTsosaHHe na npeHe6pejKHM0 MajiOM HHTep- 
sajie (MrHOBeHHoe noHBjieHHe-HCHesHOBeHne) . 

PaccMOTpHM CHanajia nocjieflHHii cjiynafi (npeMH jkhshh HacTHi];bi npene- 
6pejKHM0 Majio). B KajK^oii peajiHsai^nn Ha6jiK)flaeTCH eflnncTBeHHoe co6bi- 
THe y = X. CoflepjKaHHe saiviepa: cos^aHHe cJjHSHHecKHx ycjiOBHii, TaKHx, hto 
Ha6jiio/];aeMoe co6BiTHe 6yp,eT sacJjHKCHpoBaHO. OnKcai^HH SHanenHH y = x 
npoHSBOflHTCH MrHOBeHHO, HO MOMCHT BpeMCHH t HC sa^aH, a onpeflejiHeTCH 

BMeCTe C flpyrHMH KOOpflHHaTaMH. HyCTt npH6op — SJieKTpOHHblit MHKpO- 

CKon; nynoK sjieKTpoHOB <CnpomynbiBaeT^ npocTpancTBO, h b HeKOToptiii 

MOMCHT npOHCXOflHT CTOJIKHOSeHHe C HaCTHI];eH-o6'BeKTOM; n03HI];HH nacTH- 

i];bi 4)HKCHpyeTCii tohkoh na SKpane, — cjie^OM e^HHCTBeHHoro pacceHHHoro 

SJieKTpOHa. ^JIH nOJIHOfi cJjHKCai^HH C06bITHH Heo6xOflHMa TaKHCe cJjHKCai^HH 
MOMCHTa CTOJIKHOBeHHH. ([T|) CBHSblBaCT njIOTHOCTB BepOHTHOCTH 3THX Co6bI- 

THH c BO. 3flecb He tojibko b pesyjibTaTax, ho h b saMepax, BpeMH cJjopMajib- 
HO ypaBHCHO c flpyrHMH KOopflnnaTaMH. Ecjih (JjHKcai^HH speMeHH t b sa- 
Mepax saTpyflHHTejibHa, to mojkho orpaHHHHTbca Ha6jiiofleHHeM hjiothocth 
npocTpaHCTseHHbix KOop^HnaT gi (x) h nposepHTb ([T]) , ncnojibsya ^ . 3flecb 
flecJjopMai^HH o6pa3a KM npn nepexo^e k pejiHTHSHCTCKofi TeopnH oco6eHHO 
HarjiHflHa. B nepejiHTHBHCTCKOH KM 3bojiioi];hh BO conpoBOHc^aeTCH cto- 
xacTHHecKHM npoi];eccoM, onncBiBaeMbiM hotokom bcpohthocth. S^ecB jkc 
Mbi HMeeM BepoHTHOCTHoe pacnpeflejieHHe eflHHHHHbix noHBjieHHH nacTHi^bi 
B npocTpancTBe-BpeMeHH npn MHoroKpaTHOM BOcnponsBeflenHH CHCTCMbi b 
i];ejiOM, KOTopoe ne cbo^htch k CTOxacTHnecKOMy flBnaceHHio nacTHi^bi b npo- 
CTpancTBe. 

B o6n],eM cjiynae ^jih Toro, HTo6bi o6ecneHHTb eflHHCTBeHHOCTb co6biTHH 
B peajiH3ai];HHx, Tpe6yK)TCH flonojiHHTejiBHbie ycjiOBHH ^ajKe npn OTcyTCTBHH 
scJxJjCKTOB KIT. IlosTOMy B KajKflOM ceance Ha6jiio/];eHHH 6yfleM sa^aBaTb 
MOMCHT BpeMCHH t noflo6HO H. 2, H Ha6jiioflaTb SHaneHHe x(t). Ecjih scJj- 
(JjeKTbi Kn OTcyTCTByKJT, TO 3T0 SHaHCHHe (h co6BiTHe X = (ct,x(t)) jih6o 
cymecTBycT h e^HHCTBeHHO, jih6o OTcyTCTByeT. PesyjibTaTbi saMepoB ynopa- 
flOHHBaiOTCH cjieflyion],HM o6pa30M. Pa3o6beM 6pyc V C E na 6pycbi 
KajKflbiit noMenen SHaneHHeM x = ^ = {C^,^,), npHHafljiejKamHM euy. Ceancbi 
npoBOflHTCH cepHHMH, B KOTopbix t npo6eraeT Bce SHanenHH S^^. HoflCHHTbi- 
BaeTCH pacnpeflejieHHe KOjinnecTB n{^) noKasaHHH x G v{^). IlycTb hhcjio 
A'^ = Sn(^) nojioJKHTejibHO npn ^ocTaTOHHO 6ojibmoM KOJinnecTBe cepnii, 
HaHHHaa c onpeflejiCHHoro STana npeflejibHoro nepexo^a diamv{^) — > 0, V^. 
IlpH 6ecK0HeHH0M noBTopeHHH cepHH H cooTBeTCTByromeii nopMnpoBKe no- 
jiynacM njiOTHOCTb BepoHTHOCTH g{x). ([T]) CBHSbiBaeT STy hjiothoctb c BO. 
KaK BHflHM, BOo6n],e, oco6aH pojib BpeMCHH neycTpanHMa h3 onncanHH npo- 
u^efiypbi Ha6jiio/];eHHH, ho ycTpanHeTCH h3 onncanHH ero pesyjibTaTOB, g{x). 
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5. Pacnpe^ejieHHe sneprHH-HMnyjibca 



IlycTL. PKH — CKajiHpHbift 6o30H. Ha6jiK)flaeMaH — BeKTop 4-HMnyjibca 
P = (p^^p) £ Ero cpeflHee TpaflHLi,HOHHO sannctiBaeTCH Kax flHnaMHHe- 
CKHH HHBapnaHT J = {J"}, 3KQ B H: 

J°(^) = J n°"(x°,x) dE = J"(x°) = const, 
r/],e n*''^ — cooTBeTCTByromHe KOMnoHeHTbi nceBflOTeHSopa sneprHH-HMnyjib- 

Ca. B pejIHTHBHCTCKOil CHCTeMe eflHHHLI, h = c = 1: 

Ero co6cTBeHHbie BO o6pa3yiOT ceMencTBo: V'fc = '''fc cxp(ipj.,T), fc npo- 
6eraeT snaHenHH ...,—2,-1,1,2,..., npo6eraeT HSBecTiiyTO 3-Mepiiyio 
pemeTKy, = £ksign{k), Sk = (p| + m2)V2^ = (2|F|efc)"^/^ |V| - 
06136111 Ky6a V, (nopMHpoBKa <CHacTHLi,a b eflHHHHHOM o6'i.eMeS>). Pacnpe- 
/^e.jieHHe onHCtiBaeTCH b TepMnnax cpe/iunx KOJiH^iecTB ^lacTHii; n^. c /^aHHtiM 
4-HMnyjiBCOM b KanecTBe HarjiH^Horo nojiyci3a5pHKaTa KBaHTOBoro nojiH. 
A TOHHee, rik — cpe^Hee KOjinnecTBO saMepoB c pesyjibTaTOM p^. 3aMeHHH 

HOpMHpOBKy Ha Tfe = B eflHHHHHOM 4-061.61116), HOJiy- 

Ha6M 60JI66 CHMM6TPHHH06 OnHCaHH6: 

r{iP) = jii^''{x)dE. 

3fl6Cb {n'^"} — B6KT0p, a H6 HCeBflOBeKTOp. B npOCTpaHCTB6 I2 K03C]3C]3HLI,H6H- 

TOB C = {Cfc} pa3jioac6HHH tjj = TikCkipk' = |CfcP- A npH /i;ono.jiHHTe.jib- 
HOM ycjiOBHH ||C|| = 1 3T0 — 6e3ycjiOBH06 pacnpefl6Ji6HHe BepoHTHOCTH no- 

5IBJI6HHH 6flHHHHH0ii HaCTHLI,bI B npOCTpaHCTB6 4-HMnyjIbCOB. KaiKflblH 3aM6p 
flOJI3«6H 4)HKCHpOBaTb 6flHHCTB6HHyiO TOHKy B 3T0M npOCTpaHCTB6. KaK npa- 
BHJIO, 3T0 BbinOJTHHMO B CHJTy OTHOCHTejTbHOrO HOCTOHHCTBa HMnVJIbCa. IlpH 
3T0M, KOOpflHHaTbl, KaK H npOflOJIJKHTejIbHOCTb (|)HKCai];HH, H6 npHCyTCTByiOT 
HBHO, a OrpaHHH6HbI TOJIbKO yCJI0BH6M X E V. Onp6fl6JI6H np6fl6JI B6KT0pa 
J npH V —>■ E (cOOTB6TCTByiOII],Hil H6C06cTB6HHbm HHT6rpajl) . IlpH TaKOM 

npe^ejTbHOM nepexo^e ycjiOBH6 x G V TaKJKe HCKjnoHaeTCH h3 npoTi;e/i;ypbi 
Ha6jiio/];6HHH. B KaacflOM 3aM6p6, TaKHM o6pa30M, HacTHi];a hm66t cJaHKcnpo- 

BaHHblii 4-HMnyjIbC H H60np6fl6JI6HH06 nOJIOiK6HH6 B npOCTpaHCTB6-Bp6M6HH. 

IlpH MHOrOKpaTHOM BOCnpOH3B6fl6HHH CHCT6MbI 3HaHeHHe 4-HMnyjibca cjiy- 
naiiHO, H onpe/^ejieno ero cpeflnee 3HaHeHHe J = {J"} h BepoHTHOCTHoe 
pacnpeflejienne P{Q). CncTeMa <CpejiHTHBHCTCKaH KBanTOBasi HacTHi],a3>, 
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TaKHM o6pa30M, paccMaTpHBaeTCH xax cosoKynHOCTb ee peajinsai^HH. Ona, 
BOo6me, HecBOflHMa k MO^ejiH CTOxacTHnecKoro npoi];ecca, nocKOJiBKy Bpe- 
MH noHBjieHHH HacTHi];bi B KajKflOH peajiH3ai];HH ne onpe^ejieHO. HarjiH^Hbiii 
npHMep: KopoTKOJKHBymaH nacTHi^a (n. 4), paccMaTpnBaeMaH na stot pas b 
npocTpancTBe 4-HMnyjiBCOB. 

CpeflHee snaneHHe 4-HMnyjibca J = {J"} ne saBHCHT ot T. 3to snaHHT, b 
nacTHOCTH, HTO c TOHHOCTBK) f\o HopMHpoBKH, 6e3ycjiOBHoe pacnpeflejiCHHe 
coBna^aeT c ycjiOBHbiM b jiio6oh momcht BpeMCHH t. IlocjieflHee, cootbct- 

CTBCHHO, He SaBHCHT OT i. B 3T0M CTaTHCTHHeCKHH CMblCJI SaKOHOB COXpa- 

HeHHH. XpecTOMaTHHHbiM pacnpeflejieHHHM npHnncbiBaeTCH hmchho cmbicji 
ycjiOBHbix. Ho 3T0T CMBICJI nopojKflacT HSBCCTHoe npoTHBopenne: oh Tpe6y- 
CT MrHOBeHHofi 4)HKcai];nn HMnyjibca npii saMepax, Tor^a KaK orpaHiiHeHiia 
TOHHOCTH Ha6jiio/];eHH5i PKH Tpe6yiOT, Boo6me, npoflOJCKHTejiBHoft (JjHKca- 
i];hh. B cjiynae KOMnjiCKCHOH BO k SHeprrai h iiMnyjibcy flo6aBjiHeTCH sapafl, 
a MHoroKOMHoneHTHoii — chhh. 

6. KBaHTOBoe nojie. SanojineHHe npocTpancTBa-Bpe- 

MeHH 

6.1.06ii];ee onncaHHe. Hobbic CBoiicTBa PKM floonpe^ejiHiOTCH na KIl. 
AflCKBaTHaH 6a3a ^jih SToro: KOHi];eni];HH KIl KaK CHCTCMbi TOJKflecTBeHHbix 

HaCTHU;, PaCCMOTpHM CHCTCMy TOJKfleCTBeHHblX HeBSaHMOflefiCTByiOmHX 

HacTHu;. llycTb y = {i/k} — Ha6jiioflaeMaH coBOKynnocTb xapaKTepucTiiK o^- 

HOH H y = {Ifc} — CHCTCMBI. llyCTb {ipi} — Co6CTBeHHBlil 6a3HC HCKOTO- 

poH (J)H3HHecK0H BejiHHHHbi B H] u = {rii} — Ha6op ero HHceji sanojiHCHHH, 
rii = 0,1,2, N; $(n) — BO chctcmbi, BbipajKennaii nepes n, chmmctph- 
soBaHHaa. OrpaHHHiiMca paccMOTpeniieM tojibko 6o30HHbix nojiefi. 

BO $(n) — sjiCMCHT rHjib6epT0Ba npocTpancTBa I2 c npoHSBe^eHHeM 
{^1,^2), HopMHpoBaHHbiH: ||$(n)|p = 1. KoHKpeTH3ai];HH npocTpancTBa 
xpecTOMaTHHHa (cm., HanpiiMcp, p], CTp. 311 - 314), ho s^ecb ona ne no- 
Haflo6HTC5i. OnpeflejieHBi onepai^nn peajiHsai^nn chctcmbi b TOJKflecTBennbix 
4)H3HHecKnx ycjiOBHHx, OTBCHaiomux flaHHOH BO. Hafl KajKflOH peajiH3ai];n- 
eft HpoBOflHTCH eflHHCTBeHHBiii ccaHC Ha6jiiofleHHH (saiviep), cJjHKCHpyiomHH 
snaneHHe n. KaK h eflHHHHHaa PKH, cncTCMa paccMaTpHBacTca xax co- 

BOKyHHOCTB TaKHX flHHaMHHeCKH nOflo6HbIX, CTaTHCTHHCCKH CBHSaHHBIX pC- 

ajin3ai];HH. BpcMH HCKjiiOHaeTCH H3 OHHcaHHH pesyjibTaTOB Ha6jiio/];eHHH b 
KanecTBC flHHaMHnecKoro napaivieTpa (no BOo6n],e, — ne h3 npoi^ecca Ha6jiio- 

flCHHa). Ilpil nOBTOpCHHH SaMCpOB KOJIHHCCTBO HaCTHU; = SjUj MeHHCTCH, 
HpHHHMaSI SHaHCHHSI 0, 1, 2, . . . T. e. HMCCT MCCTO HCHeSHOBCHHe H nOHBJieHHe 
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HacTHu; OT saMepa k saMepy. 3to cooTseTCTByeT MO^ejiH KIl b paMKax Kop- 
nycKyjiiipHoft KOHi];eni];HH. Jlflsi Ka>KflOH BO onpeflejienbi hx cpe^Hne {Y), 
cooTBCTCTByiomHe 6ecK0HeHH0My Ha6opy saMepoB. He B^aBaHCb b ^eTajin 
npoi];ecca HSMepennH, cocpeflOTOHHMCH na cJjopMajiBHOM onHcannH Tax onpe- 
flejiCHHoro Kn. Otmcthm jinnib, hto h sflect ocTaeTCH aKTyajibHoii npo6jie- 
Ma KOjijianca BO, h noBHflHMOMy, npHMenHMti fleTajiHsai^nn saMepoB n. 4.4 
c cooTBeTCTBymHM o6o6n],eHHeM. Cpe^HHe cyTb 3K<1>: = (<I>,A<I>), 

A — cooTBCTCTByiomHe onepaTopbi. TexHHKa BTopHHHoro KBanTOBanHH noji- 

HOCTBK) BOCnpOHSBOflHT npHMCHHTejIbHO K PKH HepejIHTHBHCTCKHH aHajIOr 

[2], [3] CO cflejiaHHOH Btime oroBopKOH o pojiH BpeMenn. Onpe^ejiHiOTCH xa- 
paKTepncTHKH 6e3ycjiOBHbix pacnpeflejienHit n, a ne flJiH (JjHKCHpoBaHHbix 
SHaneHHH t. BBe^CM onepaTopbi ynHHTOHcenHH h pojKfleHHH nacTHi^bi Oj, af 
H TaKOBbie, OTHeceHHbie k tohkb x — BOJiHOBbie onepaTopbi (BO): 

(3) ^(x) = *+(x) = Si^*(x)a.+ - 

fl^Jisi CHHTesa onepaTopoB A = {A^} xapaKTepncTHK CHCTCMbi Y = {1a,} 
sanncbmaeM cpe^Hee ^jih eflHHHHHOH nacTHi^bi b npocTpancTBe I2 koscJxJjh- 
i^HCHTOB C = {Cfc} pasjioJKeHHH ip = YikCkijjk, H npoHSBOflHM saMCHy: 

(4) 

Cj aj, C* ^ , A = T^ijli^a^ aj. 
J1h6o, Hcnojibsya BO: 

(y)(r,v) = = I r{x)mx)dE- 



(5) 

Sflecb B npoH3Be/];eHHH BO paccMaTpHBaiOTCH KaK sjieMenTbi H. IlycTb 
{■01 } — C06CTBeHHbIH 6a3HC onepaTopa a BepoHTHOCTH cooTBeTCTBy- 

ion],Hx SHaneHHli yi npn Ha6jiiofleHHH eflHHHHHOH PKM (hjih cooTBeTCTByio- 
mne cpeflHHe KOJinnecTBa saMcpoB). Tor^a, ne npH6eraH k BO h k ([1]), h 
npoHSBOflH saMCHy: Pi rii, mojkho sanncaTb 

(6) A = T^iUiyi. 

OnepaTopbi, xapaKTepHsyiomne pacnpe^ejieHHa KOopflnnaT HacTHu;, OTcyT- 

CTByKJT B PKT, KaK H flJIH eflHHHHHOH PKH, H ([T|) , Q BOCnOJIHHKJT 3T0T 

npo6eji. OnepaTop A((5) KOjinnecTBa HacTHu; b o6jiacTH Q C E: 



A(Q) = = y ^+ix)^{x)dE = ^i,kjiQ)ataj, 

Q 

hj{Q)= fi^*{x)i^j{x)dE, 



Q 



13 



rfle f{x) = 1, X £ Q, f{x) = 0, x ^ Q, \\'ipi(x)\\'^ = 1. CnpasefljiHEOCTb ((6|), 
OflHaKO, orpaKHHena cjiynaeM, Kor^a Ka>KflOMy Ha6jiiOflaeMOMy SHaneHHio y 
OTBenaeT e^HHCTBeHHoe co6biTHe x. OnepaTop A(Q) KOjinnecTBa HacTHu; b 
o6jiacTH Q C E coBnaflaeT c onepaTopoM A(Q), Q = Q x {0,T) C E. 

KojIHHeCTBO HaCTHU; B flaHHOM COCTOHHHH eCTB pCSyjIBTaT Ha6jIK)/];eHHH, 

He saBHcamHH ot Bbi6opa cncTeMbi KOopflnnaT. CooTBeTCTBeHHO, Ha6op hh- 
ceji sanojiHeHHH pcjihthbhctckh HHEapnaHTeH, Tax jkc KaK h onepai];HH na^ 
HHM Qi, af . IlosTOMy BO o6jiaflaiOT pcjihthbhctckhmh TpanccJjopMai^HOHHbi- 
MH CBOHCTBaMH BO HacTHLi,bi ij: , a onepaTopbi A — CBOHCTBaMH Hx anajioroB 
L. 

6.2. HpeflCTaBjieHHe KBaHTOBoro nojisi b nncjiax sanojineHHii 

HMnyjIbCHBIX COCTOilHHH. IlyCTb {%l)i{x)} — C06cTBeHHbIH 6a3HC SHeprHH, 

HMnyjibca, cnnna h sapH^a. IlpHMeHHTejibHO k sthm Ha6jiiOflaeMbiM dl]), (l5|), 
([U flacT xpecTOMaTHHHbie onepaTopbi co cjieflyiomHMH nonpaBKaMn: nacTH- 
i];e.i h aHTHHacTHi];E.i paccMaTpHBaroTCH KaK pasHbie coctohhhh oflHoii nacTH- 
i];bi, a He KaK ^Ba copTa HacTHu; c pasHbiMH onepaTopaMH ynHHTOHcenHH h 
pojKfleHHH (renesHC h ocHOBonojiaraiomHe pa6oTbi TaKoro xpecTOMaTHHHoro 
noHHMaHHH CM. [4], u. 1.2); OTcyTCTByeT pacxo^HmeecH cjiaraeMoe b one- 
paTope SHeprHH. TaK, fljia sneprHH sapHHcenHoro 6o30Ha hmccm, yHHTbiBaa 

{y){rA) = J2^k{ciCk + ci.c.k); 

^j-j k>0 

A;>0 A;>0 
B OTJIHHHe OT XpeCTOMaTHHHOrO 

(8) A = ^efc(nfc + n„fc + 1). 

fc>0 

3th pasjiHHHH o6ycjiOBjieHbi pasHbiMH MO^ejiaMH KIl. Hmciotch ^bc xpe- 

CTOMaTHHHbie MOflCJIH KIl: 1) HepejIHTHBHCTCKaH KG C KOOpflHHaTHbIM bck- 

TopoM n; 2) KjiaccHHecKoe HOjie, KBaHTOBanHoe no npaBHjiaM nepejiHTHBHCT- 
CKoft KM. ^o6aBHM onHcaHHyro s^ecB MO^ejib: 3) cncTeivia flHHaMHHecKH no- 
flo6Hbix CTaTHCTHHecKH CBHsaHHbix peajiH3ai];HH Kn. CorjiacHO 1) KIl ecTb 
CTOxacTHHecKHH npoi^ccc, onHCbiBaeMBiii BY IIIpeflHHrepa d^{t,n)/dt = 
= H^{t,n), a BO ^ — onepaTop nojiH b reH3eH6eproBOM npe^CTaBjie- 

HHH. IlSBCCTHOe CBOHCTBO TaKHX OHCpaTOpOB KM: 3HaK + HJIH — npH Efct 

osHanaeT, cooTBCTCTBeHHO, flo6aBjieHHe hjih BbiHHTaHne KBanTa SHeprnn b 

COCTOHHHH B HpOD;eCCe 3B0JH0D;HH CHCTCMbl. B COrjiaCHH C 3THM B KajKflOH 
H3 CyMM ^ flOJIJKHbl HOHBHTBCH B COOTBeTCTByK)U],HX n03HD;HHX OHCpaTOpbl 
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KaK yHHHTOHceHHH, TaK H pojKfleHHH HacTHi];bi, HTO o6ycjiOBjiHBaeT Heo6xo- 

flHMOCTt paCCMaTpHBaTB CHCTCMy KaK CMeCB flByx COpTOB HacTHu;. Ynopiiflo- 

HCHHe nocjieflOBaTejiBHOCTH sthx onepaTopoB b npe^CTaBjienHH onepaTopa 
sneprHH c yneTOM hx KOMMyTai];HOHHbix cbohctb h npHBO^HT k ([8]). B MO^e- 
jiH 2) KjiaccHHecKoe nojie npeflCTaBjiHeTCH KaK npoi];ecc K0Jie6aHHH cncTeMbi 

OCI];HJIJIHTOpOB H KBaHTyCTCH HO npaBHJiaM HepejIHTHBHCTCKOfi KM, HTO TO- 

jKe npHBOflHT K (l8|). Moflejib 3) xapaKTepna OTcyTCTBHCM CTOxacTHnecKoro 
npoi];ecca, BQ ne saBHCHT ot BpeMenn, OTMeneHHaH cbhsb onepaTopoB OoKa 
CO 3HaK0M npn Ekt OTcyTCTBycT, H OTna^aeT Heo6xoflHMOCTb paccMaTpHBaTb 
CHCTCMy KaK CMecb flByx copTOB HacTHu;. IlocjieflOBaTejibHOCTb onepaTopoB 
OoKa B npeflCTaBjieHHH onepaTopa SHeprnn ne Tpe6yeT ynopHfloneHHii, h 
cnpaBefljiHBO dTj. 

^jiH sneprHH hcthhho HefiTpajibHoro 6o30Ha hmccm, yHHTbiBasi (j4j): 

(9) A + 

i>0 j>0 

B OTjiHHHe OT MOflejieli 1), 2) s^ecb hct HyjKflbi TpanccJaopMnpoBaTb paben- 
CTBO C* = C_j B = a_j. IlpaBHjio ^ npHMeHHCTCH HenocpeflCTBeHHO 
K nocjieflHeMy susnemno (y) {^p* , i/j) . Ero renesHC, OTpajKenHbiit b npefline- 
CTByromeM SHanenHH, HecymecTBeneH ^jih 

OnepaTop A((5) KOjinnecTBa HacTHu; b o6jiacTH Q <Z E sa^an ([4]), c ot- 
MeneHHOH Bbime oroBopKoii: KajKflOMy Ha6jiK)/];aeM0My HMnyjibcy OTBcnaeT 
e^HHCTBeHHoe co6biTHe x. Basnc flOJiJKen 6biTb nepeHopMnpoBan: 

||V'i(a^)|P = 1, Tj = = riexp{ipix), bmccto <CHacTHi];bi b e^HKHH- 

HOM o6'beMe^. IlMecM: 

A(Q) = 'Eijlij{Q)afaj, 

(10) hj{Q) = J exp {i{pj - pi)x) dE/\V\, 

Q 

lj,{Q) = \Q\/\V\; 

AiV) = Si,-/,j(y)a+a, = = N; k,{V) =0, i / j; 

lij{V) = l, i = j. 

6.3. Ot KBaHTOBOH nacTHi^M k KBaHTOBOMy nojiH). KBaHTOBa- 
HHe HjiH KjiOHHpoBaHHe? BepHCMCH K aHajiHsy MOflejiefi KIT. C tohho- 

CTbRD flO HCXOflHblX nOJIOJKeHHH MOflCJIb 3) HenpOTHBOpeHHBa. MoflejIH 1) 

H 2) npHBOflHT K npoTHBopeHHK) Ha6jiK)/];aeMoro pacnpeflejiennH SHeprnn c 
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npeflCKasaHHHMH TeopHH. B hhx <CMbi CTajiKHsaeMca c oflHofi h3 pacxoflH- 

MOCTeft, K KOTOpbIM npHBOflHT OTCyTCTBHC nOJIHOH JIOrHHeCKOH SaMKHyTOCTH 

cymecTByiomeH TeopHH^, [Tj CTp. 24. IlpoTHBopeHHe ne cbo^htch tojibko 

K paCXOflHMOCTH SHCprHH. EcjIH 3a KJiaCCHHeCKHH npOTOTHn npHHHTb KO- 

HCHHyK) HacTHHHyK) cyMMy cooTBeTCTByromero Oypbe-pasjioJKenHH BO, to 
co6cTBeHHbie SHaneHHa onpeflejienbi h aojihchm Ha6jiio/];aTbCH b saMepax co- 
rjiacHO npHHi];Hny cynepno3Hi];HH. Ho Ha6jiK)flaeTCH TOJibKO SHeprnsi nacTHij;. 
^onymenne o tom, hto sneprHH BaKyyMa CKpbiTa ot Ha6jiiofleHHH, npoTHBO- 
peHHT STOMy npHHi];Hny, nocKOJibKy nocjieflHHH 6e3oroBopoHHO onpeflejiaeT 
pacnpeflejieHHe hmchho Ha6jiioflaeMbix SHaneHHii. He cnacaeT nojioacenHH h 
TOT (JjaKT, HTO SHcprHH onpeflejiCHa c tohhoctbk) ^o nocTOHHHoro cjiarae- 
Moro. HoHCMy nocjie^Hee pasjiHHHO fljia MexanHnecKoro oci];HjijiHTopa h oc- 

LI,HJIJIHTOpa — KOMnOHCHTa nOJIH? 3th TpyflHOCTH npeOflOJieBaWTCH BOJieBbIM 

HCKjiiOHeHHeM SHeprHH BaKyyMa h3 co6cTBeHHbix SHaHeHHii SHeprnn nojia, 
HO CTporoe o6ocHOBaHHe SToro npneMa OTcyTCTByeT. HenpoTHBopennBOCTb 
MOflejiH 3) flejiaeT ee, noBH^HMOMy, 6ojiee afleKBaTHofi (JjHSHHecKofi peajib- 

HOCTH. KpOMe TOrO, 3T0T (JjaKT CJiyjKHT flOnOJIHHTejIbHbIM TeOpeTHHeCKHM 

apryMCHTOM b nojibsy npeflCTaBjieHHoro Sflecb noHHManHH PKH h ee saxo- 
HOB pacnpeflejieHHH. 

MoflejiH KH onnparoTCH, homhmo o6mHx nocTyjiaTOB KM, na cnei^najib- 
Hbie flonymeHHH. B 3) CHCTeMa PKM flonojinaeTCH (JaeHOMenoM Hecoxpane- 
HHH KOJiHHecTBa HacTHu; B saMepax. B 2) npe^nojiaraeTCH HajiHHne (J^eno- 
Mena KBaHTOBannH ne tojibko b flHnaMHKe MaTepnajibHbix ToneK (6ojiee 06- 
me, — KjiaccHHecKHx MexaHnnecKHx cncTeivi), ho h nojieii TOJKe, h BOo6me, — 
<CKBaHTyeTCH Bce^. 3th ^onymenHH npe^nojiaraiOT pasHbie ajiropHTMbi 
H (J)H3HHecKoe coflepjKaHHe renesHca KH h3 KM: noBTopnoe KBaHTOBaHne 
CTporo no TeM me saKonaM, hto h nepBoe, jih6o nepexofl k CHCTeMe TOHc^e- 

CTBeHHblX HaCTHU; — ^KJIOHHpOBaHHe HaCTHI];bI^. BonpeKH XpeCTOMaTHHHO- 

My MHeHHK), |2] CTp. 316, pesyjibTaTbi sthx ajiropHTMOB ne TO>KflecTBeHHbi, 
xoTH H jierKO ypaBHHBaiOTCH BOjieBbiMH nonpaBKaMH. Ecjih npoTHBopenn- 

BOCTb MOflejIH 1) MOJKHO o6'bHCHHTb ee -CHepejIHTHBHCTCKOCTbK)^ , TO MO- 
flejIH 2), He HCKJIIOHeHO, — TOJIBKO OTKaSOM OT npeflnOJIOHCeHHH O HajIHHHH 

(JjenoMena KBaHTOBaHHH b flHnaMHKe nojieft. 

6.4. IIpeflCTaBjieHHe xapaKTepncTHK KBaHTOBoro nojisi b HHCjiax 
sanojiHeHHii sineeK npocTpaHCTBa-BpeMeHH. BBe^eM b paccMOTpenne 

C06cTBeHHbIH 6a3HC KOOpflHHaT, flJIH yHH4)HKai];HH C flHCKpeTHbIM 6a3HCOM 

HMnyjibca — na flonpe^ejibHOM ypoBHe pHMaHOBbix HHTerpajibHbix cyMM. 
Pa3o6'beM 6pyc V <Z E Ha 6pycbi v{^) c oGi-eMOM w{^), KajK^bifi noMenen 
snaneHHeM x = ^, npHHafljieacamnM euy. Onpe^ejinM ceMeiicTBO (JayHKi^Hii 
c napaMeTpoM ^: ijj'^{x,^) = w~'^{£,), x G t'(C); '^{x,S) = 0, x ^ ^(0- 
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PaccMOTpHM eflHHHHHyio HacTHi];y c BO ijj{x). AnnpoKCHMnpyeM BO CTy- 
neHHaTOH (J^yHKi^neft iIj'{x) = ^'(C), x G 'u(C)- OyHKi^nn '4){x,S,), ip^x) cyTt 
sjieMCHTbi noflnpocTpancTBa C H{V) KoneHHofi pasMepnocTH c opToro- 

HajIbHfclM 6a3HCOM '0(x,^) H, C TOHHOCTbK) flO annpOKCHMai^HH! 



3flecb Q' — MHHHMajibHbiH Ha6op 6pycoB f(^), noKpbiBaiomHft Q. 

^oonpeflejiHM annapaT BTopHHHoro KBanTOBanHH na co6cTBeHHbiH 6a- 
3HC ■0(^)0- — {"-(C)} — MHOJKecTBO HHceji sanojiHeHHH 6pycoB v{£,), 
n(^) = 0, 1, 2, . . . , A^. IlpoHSBOflH saMeny: P{C) — > n{^), nojiy^HM onepaTop 
KOJiHHecTBa HacTHu; B o6jiacTH Q' G E: 



n(^) BbinojiHiiroT s^ecb pojib co6cTBeHHbix hhccji SToro onepaTopa. 

6.5. YpaBHeHHii nojisi. OnepaTop npasoH nacTH BY 6o30Ha: B = 
= dada — rn? . Ero KBaHTOBO-nojieBoii anajior h ypasHeHHe KIl: 



(12) B = {^^{x),B-^{x)) = ^ijbija+aj, bij = {^i,B^j)- B^{n) = 0. 



IlycTb {il^i{x)} — co6cTBeHHbiH 6a3HC SHeprHH, HMnyjibca, cnnna h sa- 
pHfla. HocKOjibKy oh yflOBjieTBopaeT BY nacTHi^bi, to B^pi{x) = 0; bij = 0, 
Vi, j. (12) BbinojiHHeTCii TpHBnajibHO, ne orpaHHHHBasi Bbi6op $(n). Ecjih 
KIT npeflCTaBjieno b HHCjiax sanojinenHH aneeK npocTpancTBa-BpeMeHH, to 
nofl dada noHHMaeTCH kohchho- pasHOCTHaH annpoKCHMai];HH 2-h nponsBOfl- 
Hofi CTyneHHaTofi 4)yHKi];HH 'ip'{x) (n. 6.4). BY (fT2l) ecTb HeTpHBHajibHaa 
ajire6paHHecKaH CHCTCMa jiHHeiiHbix oflHopo^Hbix ypaBHenHit (cpaBHHTb c 
xpecTOMaTHHHbiM d^{t,n)/dt = H^(t,n), [2] CTp. ) c KOMnjieKCHOii MaTpn- 
nesi B. 

6.6. EflHHHHHaH HacTHii,a KaK noflCHCTeMa KsaHTOBoro nojia. Pac- 
CMOTpHM eflHHHHHyro HacTHi];y c BO Tp{x) b TepMnnax BTopnHHoro KBanTO- 
saHHH KaK noflCHCTCMy = 1 CHCTCMbi <CKn>>, onpeflejiHCMyio cjie^y- 
ion],HM o6pa30M: npn Ha6jiio/];eHHH yHHTbiBaroTca tojibko sanepbi KIl, no- 
KasbiBaiomne = 1. IlMeeM: n = (0, 0, . . . 0, 1, 0, . . .), rii = 0,1. TepMHH 




{^P[{x),^'^{x)) = J:^^P'{iOmMO■, U'ix)r = 1, 
\\i^{x,Or=w{0-'; 

i;'{x) = j:i:i;{c)i;{x,Ow{0 ^ Hx) = J mHx - 

w{0 0. 

PiQ,^P'{x))= J^'^{x)dE = ^^P{0, P{0=^HCMO 
Q' 



A(Q') = S5n(0, e : v{0 G Q'; 
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<CTOJKflecTBeHHt.ie HacTHi];bi^ TepaeT cmmcji, h BO ^(n) ne coflepjKHT one- 
paTopa nepecTanoBKH. HaiifleM cpe^Hee KOJinnecTBO HacTHu; b o6jiacTH Q C 
C E : {N){Q,^) = ($,A'((5)$), nojiBsyacb KoneHHOMepHOH annpoKCHMa- 
Li,HeH, n. 6.4. {ipix,^)} — co6cTBeHHBiH 6a3HC Ha6jiK)flaeM0H. KajK^OMy n 
OTBenaeT co6BiTHe x{n) G E. OTOJK^ecTBHM TOHKy x{n) c noMeTKoft ^ bkjiio- 
naiomero ee 6pyca f(^). IlMeeM: $(n) = ^p{x{n)). B corjiacHH c onpeflejie- 
HHeM BO 'ip{x) (n. 3) cjie^yeT nojioJKHTB ($i,<I>2) = Sn^i('T-)^2("')^(^ = 



= x{n)). HMeeM: ||$(n)f = 1; {N){Q,^) = ($,A'(Q)$) = = 



TaKHM o6pa30M, bojihobbic (J)yHKi];HH <I>(n) h ^/'(x) cyTB TOJKflecTBeHHoe 
onncaHHe ^aHHOH noflcncTeMBi KIl, a ee Ha6jiiofleHHe ^aeT tot ace pesyjiBTaT, 
HTO H onncaHHoe BBime nenocpeflCTBeHHoe Ha6jiiOfleHHe eflHHHHHoft nacTH- 
i];bi. 

7. 06 OTHomeHHax HeonpeflejieHHOCTeii h oi],eHKax 

TOHHOCTH Ha6jlIOfleHHa 

B HepejiHTHBHCTCKOH KM OTHomeHHH HeonpeflejieHHOCTeii reH3eH6epra 
cyTB cjieflCTBHe CTaTHCTHnecKHx nocTyjiaTOB, npHBefleHHBix BBime. B paM- 
Kax TpaflHi];HOHHOH MOflejiH pejiHTHBHCTCKOH KM OHH yjKe He HMeroT STOrO 
TeopeTHHecKoro ocHOBannH, nocKOJiBKy Heo6xoflHMBiH ^jih SToro saKon pac- 
npeflejieHHH KOop^HHaT OTcyTCTByeT. Ten ne ivienee, ohh ncnojiBsyiOTCH b 
TOM jKe BHfle, CTporo roBopH, yjKe b KanecTBe caMOCTOHTejiBHoro nocTyjiaTa. 
SflecB 3TH OTHomeHHH nojiynaiOT o6ocHOBaHHe. Hx jierKO nojiyHHTB, boc- 
npoHSBOflH xpecTOMaTHHHBift BBiBOfl, HanpHMep, [3j CTp. 66 - 68, npHMeHH- 

TejIBHO K V'(^) G H. IlpH 3T0M, eCJIH B HepejIHTHBHCTCKOH KM OTHOmeHHH 

KOopflHHaTBi-HMnyjiBC H BpeMH-sneprHH bbiboahtch pasHBiMH cnoco6aMH h 
HMeiOT pasHBiit cmbicji [3], CTp. 185 - 188, to sflecB ohh o6jiaflaiOT noji- 
Hoii 4)opMajiBHOH H CMBicjiOBoft CHMMeTpHeft. npo6jieMa scJjcJjeKTOB KIT npn 
Ha6jiiofleHHH e^HHCTBeHHofi PKM pemaeTca s^ecB HorpyacenHeM ero b na- 
6jiiOfleHHe Kn. Hpn stom ceancBi c noHBjieHHeM napBi h 6ojiBmero nncjia 
HacTHu; He y^HTBiBaiOTCH. 06cyflHM b stoh cbhsh TeopeTHHecKHii hhjkhhh 
Hopor HeoHpe^ejieHHOCTH KOopflnnaT PKM: Ax > Axmin = fic/e (e — snep- 
THii), o6ycjiOBjieHHBift 3THMH OTHomeHHHMH H HeflOHymeHHeM scJxJjeKTOB Kn. 
Oh TepaeT CHjiy npHMennTejiBHO k hcthhho HeiiTpajiBHBiM HacTHi];aM, h k 
TeM sapHJKeHHBiM HacTHi];aM, ^jih kotopbix saKOH coxpaHeHHH sapHfla HMeeT 
KBaHTOBBiH xapaKTep, 6yflyHH BBinojinaeM tojibko b cpeflneM. Tor^a bo3- 





G Q 



Q 



e : G Q'. 
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M03KH0 Ha6jIIOfleHHe HaCTHLI,bI (eflHHCTBeHHOft) C paSHblMH 3HaHeHHHMH 3a- 

pHfla B cjjHKCHpoBaHHoii nape ceancoB. Ilopor saMeHsieTCH MHHHMajiBHBiM 
npaKTHHecKH npHeM.jieMbiM SHaHenneM BepoHTHOCTH c|)HKcaTi;HH e/i;HHCTBeH- 
Hoii HacTHLi;bi npn Ha6jiK)fleHHH KII. TfeopeTHHecKH BOSMOJKHa TOHHasi cjjHK- 
caLi,H5i KoopflHHaT B saMepe. B stom CMbicjie h cjaoTon HMeeT Koop^HHaTbi. 
HapymeHHe nopora MoaceT ne flonycKaTbca BHeniHHMH ^jih KM saKonaMH, 
TaKHMH, KaK Bceo6Tn,HH saKOH coxpaHeHHH sjieKTpHHecKoro 3apH/i;a. B stom 
cjiynae noHBjieHne b sanepax eflHHHHHofi PKH npoTHBonojiojKHoro sapa^a 
HeB03M0iKH0, KaK H SKcnepHMeHTajibHoe BocnpoHSBe^eHHe BQ c najiHHHeM 
OTpHLi,aTejibHbix nacTOT b pasjioacenHH. TaKOB sjiexTpon. 

Tpe6yeT cnei^najibHoro ocMbicjienHH OTHomeHne Heonpe/i;ejTeHHOCTeH spe- 
MH — CKopocTb — HMnyjibc vAtAp > h n BbiTeKaiomaH h3 nero cbhsb toh- 
HOCTH Ha6jiiofleHH5i HMnyjibca c npoflOJiiKHTejiBHOCTbio ceanca Ha6jiiofleHH5i 
Ap > h/cAt. npeacfle Bcero, HMeeT jih cmbicji noHHTne <CcKopocTb KMS> b 
flaHHoii MOflejiH, h ecjin ^a, to KaKoii? 

8. BbiBOflbi 

IlOKaSaHO, HTO npH flOCXaTOHHO nOJIHOM BKJIIOHeHHH CTaTHCTHHeCKOii ^la- 

CTH PK^I B jTorHKy CTO HiicjjopMaTHBHbie CBOHCTBa ee BO o6peTaTOT o6'beM, 

CpaBHHMblfi C Hepe.jIHTHBHCTCKOil KM. HOHBJIHeTCH, BOnpeKH XpeCTOMaTHH- 
HOMy MHeHHK), TeOpeTHHeCKaH B03M0iKH0CTb Ha6jIIOfleHH5I KOOpflHHaT PKM, 

H onpe^ejieHO npeflCTaBjienne hx hjiothocth BepoHTHOCTH g{x) = ip'^{x), ot- 
Be^iaTOTn,ee bcbm 4)opMa.)ibHBiM Tpe6oBaHHHM KM h CTO. 3/i,ecb BO ^j{x) 
OTo5pajKaeT npocTpancTBO-BpeMH E b SBKjiHflOBO noflnpocTpancTBO U, xa- 
paKTepHoe ^jih Kaacfloro h3 paccMOTpeHHbix thhob nacTHLi,: 6o30Ha, fleft- 
CTBHTejibHoro H KOMnjieKCHoro, CKajiapnoro h BeKTopnoro, BKjiiOHaH (Jjotoh, 
sjieKTpoHa. HjiOTHOCTb g{x) b npocTeftmnx cjiynaax cJjopMajibHO no/^o6Ha 

njIOTHOCTH BepoHTHOCTH KOOpflHHaT HepejIHTHBHCTCKOH HaCTHLI,bI, HO HMeeT 

HHoe coflepjKaHHe: HHbie ycjiOBHH Ha6jiiofleHHH, HHbie CBoilcTBa, hhoh cmbicji. 
Ceancbi Ha6jiiOfleHH5i ne o6ycjiOBjieHbi momchtom bpcmchh t, t. e. BpeMH hc- 
KjiTo^iaeTCH H3 onHcaHHJi pacnpe/i;e.jieHHH b KanecTBC flHHaMHnecKoro napa- 
MCTpa, HO HpncyTCTBycT B cocTaBC apryMCHTa BO h Ha6jiiOflaeMOH y = x; 

COOTBeTCTBCHHO, HJIOTHOCTB TBHSpb — pCJIHTHBHCTCKHH HHBapHaHT; BMBCTO 

CTOxacTHHBCKoro TaHLi,a HacTHi];bi, OHHCbiBaeMoro hotokom bbpohthocth c 

npOCTpailCTBeilllOH njIOTIIOCTLTO /(t, x) = |'l/'(t,x)P, HMBBM BepOHTHOCTHOB 
paCnpBflBJIBHHB n05IB.)ieHHli HaCTHI],bI B npOCTpanCTBB-BpBMBHH HpH MHOrO- 
KpaTHOM BOCHpOH3BBflBHHH CHCTBMbl. IlpHMBHHTBJIbHO K cjjOTOHy 3Ta cJjOp- 
Myjia 06yCJI0BJIBHa flOHOJIHHTBJIBHbIM HOCTyjiaTOM, ajIBTBpnaTHBHBIM HpHH- 
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i];Hny rpaflneHTHOH HHsapnaHTHOCTH sjieKTpoflHHaMHKH. B paMKax noflo6- 
Hoii MOflejiH yTOHHiieTCH TaKJKe cmbicji pacnpeflejieHHii sneprHH-HMnyjitca 
PKH. OTHomeHHH HeonpeflejieHHOCTefi reH3eH6epra cyTb cjie^CTBHe nocTy- 

JiaTOB HepejIHTHBHCTCKOH KM. B paMKax TpaflHI^HOHHOii MOflejIH PKM ohh 

yjKe He hmcmt SToro TeopeTHnecKoro ocHOBanHH, nocKOJitKy Heo6xo/];HMbift 
fljiH SToro saKOH pacnpeflejieHHH KOopflnnaT OTcyTCTByeT. B paccMaTpHBae- 
Moii MOflejiH 3TH OTHomeHHH nojiyHaKJT o6ocHOBaHHe. IlpefljiojKeHa h Teope- 
THHecKH o6ocHOBaHa npoi];eflypa Ha6jiiofleHHH nacTHi^bi, (JjHjitTpyiomaH scj)- 

cjjeKTbl KBaHTOBOrO nOJIH Kn. CoOTBeTCTBeHHO, CHHMaroTCH OrpaHHHeHHH 

TOHHOCTH Ha6jiiofleHHH PKH ocHOBaHHbie Ha HeflonymeHHH sthx scJjcJjeK- 
TOB. HoBbie CBOHCTBa PKH floonpeflejiiiroTCH na KIT b bh^c xapaKTepncTHK 
pacHpeflejieHHH HacTHu; b HpocTpancTBe-BpeMeHH b flOHOjineHHe k TaKOBbiM 
fljiH HMnyjibCHbix cocTOHHHH. IlojiyHeHbi onepaTopbi sthx pacnpeflejienHit 
fljiH CBo6oflHbix KIT. B paMKax stoh MO^ejiH o6peTaiOT HOBbie CBoficTBa h 
pacHpeflejieHHH HacTHu; na HMnyjibcnbix coctohhhhx. OTna^aeT Heo6xoflH- 
MOCTb paccMaTpHBaTb KIT KaK CMecb pfiyx copTOB HacTHu; c npncymHMH 
KajKflOMy copTy onepaTopaMH OoKa. MacTHi];bi h aHTHHacTHi];bi OKasbmaiOT- 
CH pasHbiMH cocTOHHHHMH oflHOH HacTHi];bi. OncpaTop SHCprHH 6o30HHOrO 
KIT He coflepjKHT pacxoflameroca cjiaraeMoro, h SHeprna BaKyyMHoro co- 
CTOHHHH paBHa HyjiK) BMecTO napaflOKcajibHOH 6ecK0HeHH0CTH. B apcenajie 
PKT HMeeTCH ^Ba ajiropHTMa renesnca KIT h3 KM c pasHbiM, BOo6n],e, cJjh- 
SHHecKHM coflepjKaHHeM: noBTopnoe KBanTOBanHe CTporo no tbm jkc (Jaop- 
MajibHbiM saKOHaM, hto h nepBoe, jih6o nepexofl k CHCTCMe TOJKflecTBeHHbix 
HacTHu; (<CKjiOHHpoBaHHe HacTHi];bi^). Corjiacno npeflCTaBjiennoH s^ecb mo- 
flejiH nocjie^Hero h BonpeKH xpecTOMaTHHHOMy MneHHio, pesyjibTaTbi sthx 
ajiropHTMOB ne TOJKflecTBennbi, npnneM nepBbiii npoTHBopennB, a BTopoii — 
HeT. MacTb onHcaHHbix pesyjibTaTOB HSjiOHcena b [5]. 

A66peBHaTypbi: KM — KBanTOBaa nacTHi^a; BO — BOjinoBaa (JsyHKi^na; 
PKM — pejiHTHBHCTCKaH KM; KM — KBanTOBaa MexannKa; PKM — pejiH- 
THBHCTCKaa KM; CTO — cnei^HajibHaa Teopna OTHOCHTejibHOCTH; PKT — 
pejiHTHBHCTCKaH KBaHTOBaH TcopHH; KIl — KBaHTOBoe nojie; 3K<I> — spMH- 
TOBa KBaflpaTHHHaa cJjopMa; BY — bojihoboc ypaBHCHHe; BO — bojihoboh 
onepaTop. 
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